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SYSTEMS OF DILATED FUNCTIONS: COMPLETENESS, MINIMALITY,
BASISNESS
BORIS MITYAGIN
ABSTRACT. We discuss completeness, minimality, and basisness, inL2[0, pi] andLp[0, pi],
p 6= 2, of dilated systems un(x) = S(nx), n ∈ N, where S is a trigonometric polynomial
S(x) =
m∑
k=0
ak sin(kx), a0am 6= 0.
We will present some results and mention a few unsolved questions.
We announce a series of results which complement and extend the research of [1] – [4].
The proofs will be given elsewhere.
Define the polynomial
a(z) =
m∑
j=0
ajz
j,
and sets
Z(a) = F− ∪ F 0 ∪ F+
a(α) = 0 |α| < 1 |α| = 1 |α| > 1.
The isometry T : f(x) → f(2x) has spectrum σ(T ) = D, D = {ζ ∈ C : |ζ| < 1}.
Then un = a(T ){sin(nx)}. We factorize a(z) = a−(z)a0(z)a+(z). We note that a+(T )
is invertible, for letting B = (a+(T ))−1 ,
B =
∏
α∈F+
(α − T )−1 =
1
2πi
∫
|z|=1+δ
R(z, t)
dz
a+(z)
,
1 + 2δ = min{|α| : α ∈ F+}.
Let vn = Bun = a−(T )a0(T ){sin(nx)}.
Claim 1.
(a) The system U = {un} is a basis in L2[0, π] if and only if F− ∪ F 0 = ∅.
(b) If F− 6= ∅ the system is not complete.
(c) For any a the system U is minimal.
So assume (⋆) F = F 0 6= ∅, i.e., all roots α, a(α) = 0, are in T = {z ∈ C : |z| = 1}.
Claim 2. Under (⋆)
a(z) = am
∏
α∈F 0
(α− z)µ(α).
Put κ∗ = max{µ(α)− 1 : α ∈ F 0}. The system U is complete, and minimal, i.e., ∃{Φk},
〈Φk, un〉 = δkn, and
‖Φk‖q ≍ (log k)
κ∗+1/2
,
so U is not a basis in L2 (or Lp, 1 < p <∞).
1
2 BORIS MITYAGIN
Now we go to the “multi-frequency” case. We again set U = {un(x)} and un(x) =
S(nx), 0 ≤ x ≤ 2π,
S(x) =
∑
j∈J
aj exp(ijx), |J | <∞
=
∑
α∈Nm0
α∈K, K⊆Nm0
a(α) exp

i

 m∏
j=1
p
αj
j

x

 , |K| <∞,
where {pj}mj=1 is a set of primes. Put
A(ω) =
∑
α∈K
a(α)wα, wα =
m∏
j=1
w
αj
j .
and
N(ω) = {ω · pα : α ∈ Nm0 }
ω ∈ Ω = {q ∈ N : q does not have factors pj, 1 ≤ j ≤ m}.
Let
Tj : f(x) 7→ f(pjx), 1 ≤ j ≤ m.
Consider
E ∼= ℓ2 ≃ H2(D) ≃ ℓ2
(
Ω;H2(Dm)
)
.
All E(ω) = ImQ(ω), ω ∈ Ω, are invariant with respect to the isometries Tj , 1 ≤ j ≤ m,
i.e. multiplication by wj in H2(Dm). Certainly,
‖f‖2 =
∑
ω∈Ω
‖Q(ω)f‖2.
Now all the questions about U become the questions about the system
V = {v(α)}α∈Nm
0
; v(α)(w) = A(w)wα in H2(Dm).
Claim 3. If
(⋆⋆) Z(A) ∩ Dm = ∅,
then A(T )−1 = B is well-defined and {v(α)} is a (Riesz) basis and U is a (Riesz) basis
as well.
If V (or U ) is a Riesz basis then (⋆⋆) holds.
Claim 4. The system U is minimal if a(0) 6= 0.
Indeed, with
〈f, g〉 =
1
(2π)m
∫
Tm
f(w)g(w) dmt, wj = e
itj , 1 ≤ j ≤ m,
(no bar, no conjugation), 〈w−τ , wα〉 = δ(α, τ), ∀α, τ ∈ Zm. Then
1
A(w)
=
∑
σ∈Nm
0
b(σ)wσ ,
w−τ
A(w)
=
∑
σ∈Nm
0
b(σ)wσ−τ ,
but if σ − τ ≤ 0 does not hold then
〈wσ−τ , wα〉 = 0, ∀α ∈ Nm0 ,
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so put Φt(w) =
∑
σ≤τ
b(σ)wσ−τ . This finite sum is well-defined, and
〈Φτ , v(α)〉 = δ(α, τ), for all α, τ ∈ Nm0 .
Z(A) ∩ Dm = Z(A) ∩ Tm.
Completeness implies uniqueness of the system Φτ and the fact that for 1D projections
Pτ = 〈•,Φτ 〉v(τ),
‖Pτ‖ = ‖Φτ‖ · ‖v(τ)‖ ≍ ‖Φτ‖.
But
‖Φτ‖
2 =
∑
σ≤τ
|b(σ)|2, B(w) =
1
A(w)
,
so these norms are uniformly bounded if and only if
1
A(w)
∈ H2(Dm), or
1
P (t)
∈ L1(Tm), where P (t) =
∣∣A(eit)∣∣2.
Claim 5. If m ≤ 3 and Z(A) ∩ Dm 6= ∅, then
1
A(w)
6∈ H2(Dm).
Under the same assumptions, V or U is NOT a basis.
For m ≥ 4, it could happen that 1
A(w)
∈ H2(Dm).
Example 6. Fix ck > 0, 1 ≤ k ≤ m, with
m∑
k=1
ck = 1, and define
(E∗) A(w) = 1−
m∑
k=1
ckwk.
Then
P (t) =
∣∣∣∣∣
m∑
k=1
ck2 sin
2
(
tk
2
)∣∣∣∣∣
2
+
∣∣∣∣∣
m∑
k=1
ck sin(tk)
∣∣∣∣∣
2
≍ r4 + |ℓ(t)|2, ℓ(t) =
m∑
k=1
cktk, |t| ≪ 1.
We note that
∫
|ζ|≤δ
dζ0 dζ1 . . . dζm−1
ζ20 + ζ
4
1 + · · ·+ ζ
4
m−1
< ∞ if and only if m ≥ 4, since it is within a
constant multiple of
∫ δ
0
∫ ρ2
0
dζ ρm−2 dρ
ζ2 + ρ4
=
∫ δ
0
∫ 1
0
dη ρm−4 dρ
1 + η2
.
Recall that v(α) = A(w)wα , α ∈ Nm0 . Instead of asking whether this system is a basis
in H2(Dm), or ℓ2(Nm0 ) we can move to weighted H2(Dm;P ), or L2(Tm;P ) and ask
whether {wα} is a basis.
4 BORIS MITYAGIN
Claim 7. In the case (E∗), m ≥ 4, for the partial sums Σ(τ)f =
∑
α≤τ
〈Φα, f〉vα, the
norms ‖Σ(τ)‖ are not bounded.
The proof is based on the multi-dimensionalA2 Muckenhoupt condition ([5], [6]).
But if we go to the original system
vα(x) =
K∑
k=0
ak exp (i[p
α]kx) , p = (pj)
m
j=1, α ∈ N
m
0 ,
its linear ordering would fit to a monotone arrangement of the multi-index sequence {pα},
or its linear ordering by monotonicity of the linear form M(α) =
m∑
j=1
αj log pj . It leads us
to the question on the boundedness of the projection QM .
exp i(α, t)→ the same, if M(α) ≥ 0
→ 0 ifM(α) < 0.
in the weighted L2(Tm;P ), m ≥ 4, say,
P (t) =

 m∑
j=1
tj


2
+

 m∑
j=1
t2j


2
.
M(α) is “essentially irrational,” i.e., the coefficients µ∗j = log pj , 1 ≤ j ≤ m, of the
linear function M(y) =
m∑
j=1
µjyj are rationally independent.
If all µj were rational QM would be equivalent to the case M0(y) = y1; then known
A2 conditions are applicable and QM0 and QM are bounded, for any m.
If QM∗ were bounded, m ≥ 4 (I do not believe so) we would have Babenko–type
Shauder (but not Riesz) basis in H2(Dm), or even in L2(Tm).
The announced results were presented at the Workshop on Operator Theory, Complex
Analysis, and Applications (WOTCA), Coimbra, Portugal, June 21 – 24, 2016.
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